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Counter-rotating-wave terms (CRWTs) are traditionally viewed to be crucial in open small quantum systems
with strong system-bath dissipation. Here by exemplifying in a nonequilibrium qubit-phonon hybrid model, we
show that CRWTs can play the significant role in quantum heat transfer even with weak system-bath dissipation.
By using coherent phonon states, we obtain the quantum master equation with heat exchange rates contributed
by rotating-wave-terms (RWTs) and CRWTs, respectively. We find that including only RWTs, steady state
heat current and current fluctuations will be significantly suppressed at large temperature bias, whereas they
are strongly enhanced by considering CRWTs in addition. Furthermore, for the phonon statistics, the average
phonon number and two-phonon correlation are nearly insensitive to strong qubit-phonon hybridization with
only RWTs, whereas they will be dramatically cooled down via the cooperative transitions based on CRWTs in
addition. Therefore, CRWTs in quantum heat transfer system should be treated carefully.
I. INTRODUCTION
Understanding and managing nonequilibrium energy trans-
fer at nanoscale is a long-standing problem, which has at-
tracted great attention with scientific interest and practical im-
portance [1–3]. Theoretically, the microscopic description of
the system-bath coupling in open small quantum systems is
crucial to model the quantum heat flow, because the system-
bath coupling describes the dissipation of the small quantum
system to the external environment [4, 5]. In particular, the
strong couplings between the small quantum system and sur-
rounding baths significantly contribute to the transient and
steady state heat transport properties, including energy ex-
change dynamics [6–11], quantum thermodynamics and ther-
mal machines [12–18], and quantum heat transfer [19–27].
One of the most representative paradigms of the system-
bath dissipation is the spin-boson (qubit-bath) coupling [28]
VˆSB = σˆx
∑
k
(gk bˆ
†
k + g
∗
k bˆk) = VˆRWT + VˆCRWT,
where
VˆRWT =
∑
k
(gk bˆ
†
kσˆ− + g
∗
k bˆkσˆ+),
VˆCRWT =
∑
k
(gk bˆ
†
kσˆ+ + g
∗
k bˆkσˆ−),
with σˆx the Pauli operator of the central qubit, or say, a two-
level system, gk the qubit-bath coupling strength, bˆ
†
k (bˆk)
the bosonic creator (annihilator) in the thermal bath. This
system-bath dissipation form has been widely used for the
heat transport in quantum phononics. The rotating-wave-
terms (RWTs) VˆRWT describe energy conserved processes that
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can occur sequentially in an incoherent picture, while the
counter-rotating-wave-terms (CRWTs) VˆCRWT depict two en-
ergy non-conserved processes that can only occur coherently.
It is well believed that in the weak qubit-bath dissipation
limit, VˆCRWT is negligible and VˆRWT dominates the dissipation
process. Only when the dissipation strength increases, VˆCRWT
is necessarily included to properly characterize the heat ex-
change [5, 7]. Specifically, in quantum dissipative dynam-
ics, VˆCRWT is found to significantly enhance anti-Zeno sig-
nal [29–32], quantum correlation [33–35] and spontaneous
emission [36–38] at strong system-bath coupling. At steady
state, the non-canonical statistical properties of the small
quantum system is apparently exhibited [39–42], and the heat
current is optimally strengthened [19, 23, 25]. Recently, due
to the fast development of circuit-QED with high quality mi-
crowave resonators, the spin-boson coupling is reduced to the
qubit-photon hybridization VˆSB = σˆx(gbˆ† + g∗bˆ) with a sin-
gle mode of bosons (photons) [43, 44]. The importance of
CRWTs VˆCRWT = (gbˆ†σˆ+ + g∗bˆσˆ−) in photonic hybrid quan-
tum systems on energy level structure has been experimental
demonstrated [45, 46]. Moreover, from the aspect of pho-
ton statistics, the qubit-photon interaction (VˆSB) will affect the
two-photon correlation function in dressed picture at equilib-
rium to exhibit novel features [47–49].
For steady state heat transfer with two baths at nonequilib-
rium setup, the nonequilibrium spin-boson (qubit-bath) dis-
sipation VˆNSB = σˆx
∑
k;v=L,R(gk,v bˆ
†
k,v + g
∗
k,v bˆk,v) is con-
sidered generic to establish the thermodynamic bias between
phononic baths L and R [50, 51]. Specifically, in the weak
qubit-bath interaction limit, the heat flow shows sequential
process, which is dominated by RWTs. In sharp contrast,
the heat current and fluctuation exhibit cooperative energy ex-
change processes between two phononic baths at strong qubit-
bath coupling [19–21, 23], where CRWTs play the leading
role. While under the adiabatic modulation of two bath tem-
peratures, the finite heat pump based on the Redfield approx-
imation is exhibited with weak qubit-bath dissipation [52],
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2which is irrelevant with the dissipation strength. However,
in strong dissipation limit the heat pump can be observed only
for the biased qubit [24, 53]. Moreover, the exploration of
such distinction originating from RWTs and CRTs has been
extended to the quantum thermal transistor from weak to
strong spin-boson couplings [54–61].
We investigated the steady state heat current in nonequilib-
rium qubit-phonon hybrid model at weak qubit-phonon hy-
bridization regime [62]. Here, we propose that at strong
qubit-phonon hybridization inside the central system, CRWTs
of the (even weak) qubit-bath dissipation may novelly con-
tribute to the transport behaviors of hybrid quantum sys-
tems. The main points of this work have three manifolds: (i)
Based on the quantum master equation encoded with coher-
ent phonon states, we obtain microscopic pictures of heat ex-
change processes, which are separately contributed by RWTs
and CRWTs. (ii) By including full counting statistics with
weak system-bath interactions, the heat current and fluctua-
tions are strongly suppressed at large temperature bias with
the qubit-bath dissipation considering only RWTs, whereas
the heat current fluctuations are greatly enhanced by consid-
ering CRWTs in addition. This clearly demonstrates the novel
role of CRWTs on steady state heat transfer. (iii) The steady
state phonon number and two-phonon correlation function
with RWTs are nearly insensitive to the strong qubit-phonon
hybridization, whereas they are optimally cooled down via
the cooperative transition path contributed by both RWTs and
CRWTs.
This paper is organized as follows: In Sec. II, we describe
the nonequilibrium qubit-phonon hybrid model in part A, de-
rive the quantum master equation in part B, and obtain the ex-
pression of heat current fluctuations by including full counting
statistics in part C. In Sec. III, we investigate steady state heat
transfer, which are characterized by heat current, noise power
and skewness. In Sec. IV, we analyze the steady state phonon
number and two-phonon correlation function of phonon statis-
tics. Finally, we give a conclusion in Sec. V.
II. MODEL AND METHOD
A. Qubit-phonon hybrid system
The nonequilibrium qubit-phonon hybrid system, which is
composed by two-level qubits interacting with a single vibra-
tional mode, each individually coupled to a bosonic thermal
bath, is described as (~ = 1)
Hˆ = Hˆs +
∑
u=qu,ph
(Hˆu + Vˆu). (1)
Specifically, the hybrid system is expressed as
Hˆs = εJˆz + ω0aˆ
†aˆ+ λ(aˆ† + aˆ)Jˆz, (2)
where the collective qubit operators are Jˆα =
1
2
∑N
i=1 σˆ
i
α (α = x, y, z) with N the qubit number and
σˆiα is the Pauli operator of the ith qubit, ε is the energy
splitting of the qubits, aˆ† (aˆ) creates(annihilates) one phonon
with the frequency ω0, and λ is the hybridization strength
between the qubits and the phononic field. The uth thermal
bath is described as Hˆu =
∑
k ωk bˆ
†
k,ubˆk,u, where bˆ
†
k,u (bˆk,u)
creates (annihilates) one boson in the uth thermal bath
with the momentum k and frequency ωk,u. The interaction
between the phononic mode and the phth bath is given by
Vˆph =
∑
k
(gk,phbˆ
†
k,c + g
∗
k,phbˆk,c)(aˆ
† + aˆ), (3)
with gk,ph the coupling strength. While for the interaction
between the qubits and the quth thermal bath, the interaction
can be generally expressed as
Vˆqu =
∑
k
(gk,qubˆ
†
k,quSˆ + g
∗
k,q bˆk,qSˆ
†), (4)
with gk,qu the coupling strength between the qubits and the
quth thermal bath. For the qubit operator Sˆ, if we analyze Vˆqu
within the rotating wave approximation (RWA), it is specified
as Sˆ = Jˆ−. Hence, under the influence of rotating-wave terms
(RWTs) [i.e., Vˆ RWTqu =
∑
k(gk,qubˆ
†
k,quJˆ−+g
∗
k,q bˆk,quJˆ+)], the
particle number of the whole system is conserved as the ex-
change processes occur between the qubits and the quth bath.
However, when we consider the full interaction between the
qubits and the quth bath Vˆ fullqu , the operator becomes Sˆ =
2Jˆx, which both includes the RWTs and the counter-rotating-
wave terms (CRWTs) [i.e., Vˆ CRTqu =
∑
k(gk,qubˆ
†
k,quJˆ+ +
g∗k,q bˆk,quJˆ−)]. Under the effect of CRWTs, both the sys-
tem and corresponding thermal bath will be excited (annihi-
lated) simultaneously, which apparently breaks the particle
number (energy) conservation. We would like to point out al-
though the angular momentum conservation is not explicitly
considered at present, it is implicitly contained in the spin-
boson dissipation, where the raising and lowering of spin an-
gular momentum is compensated by the coupled bosons due
to their intrinsic spin [63, 64]. Moreover, it needs to stress
that the spin-boson and qubit-bath dissipation(coupling) de-
note the spin coupled to bosonic thermal bath, which is com-
posed by continuous boson modes. While the qubit-phonon
hybridization means the interaction between the spin and the
single mode phononic resonator.
In this work, we mainly analyze the novel role of CRWTs
on the steady state behaviors of the hybrid quantum system
at Eq. (1). For the the qubit-phonon hybrid system Hˆs at
Eq. (2), the eigensolution can be exactly solved as Hˆs|φkm〉 =
Ekm|φkm〉. The eigenvalue is
Ekm = εm+ ω0k − λ2m2/ω0, (5)
and the eigenvector is
|φkm〉 = |j,m〉⊗[
(aˆ† + gm)k√
k!
|0〉m], (6)
where the phonon excitation number is k = 0, 1, 2, ..., the
angular momentum state is Jˆz|j,m〉 = m|j,m〉 (m =
3(a) RWT
(c) CRWT
Tqu
(b) RWT
Tqu
Tqu
CRWT
Tqu
(d)
FIG. 1: (Color online) Microscopic heat transfer processes assisted
by the quth thermal bath. Under the effect of RWTs: (a) the excita-
tion process from the coherent phonon state |φlm−1〉 to |φkm〉 by ab-
sorbing one boson from the quth bath with the energy Em−1,lm,k char-
acterized by the rate Γ+qu,RWT(φ
l
m−1|φkm); (b) the relaxation process
from the coherent phonon state |φkm〉 to |φlm−1〉 by releasing one bo-
son into the quth bath with the energy Em−1,lm,k characterized by the
rate Γ−qu,RWT(φ
l
m−1|φkm). Under the effect of CRWTs: (c) the exci-
tation process from the coherent phonon state |φlm+1〉 to |φkm〉 by ab-
sorbing one boson from the quth bath with the energy Em+1,lm,k char-
acterized by the rate Γ+qu,CRWT(φ
l
m+1|φkm); (d) the relaxation process
from |φkm〉 to |φlm+1〉 by releasing one boson into the quth bath with
the energy Em+1,lm,k characterized by the rate Γ
−
qu,CRWT(φ
l
m+1|φkm).
−j,−j + 1, ..., j) with j = N/2, the displacement coeffi-
cient is gm = λm/ω0, the coherent phonon state is |0〉m =
e−gmaˆ
†−g2m/2|0〉a, and the bare vacuum state is aˆ|0〉a = 0.
It should be noted that though the nonequilibrium qubit-
phonon hybrid system is theoretically investigated in the
present paper, it has experimental correspondences. Specif-
ically, the hybrid quantum system can be specified by the sys-
tem composed by the nanomechanical resonator and single
quantum dot [65], where the resonator and quantum dot inter-
act with the bosonic thermal and magnon reservoir [66, 67],
respectively. The CRWTs at Eq. (4) can be realized by the
interfacial interaction with non-spin-conservation [68]. More-
over, it could also be realized by the circuit-QED setup [69],
where one josephson junction could be longitudinally cou-
pled to a LC resonator [70, 71]. While for the spin-boson
model, under the reaction coordinate mapping approach it can
be mapped to another type of qubit-phonon hybrid model [6,
10, 72–76]. From the aspect of inverse design, the analysis
of quantum heat transfer in nonequilibrium qubit-phonon hy-
brid systems could fertilize theoretical interact and practical
application of the spin-boson model.
B. Quantum master equation
Considering weak system-bath interactions, we separately
perturb Vˆph and Vˆqu to obtain the quantum master equation.
Under the Born-Markov approximation, the total density op-
erator is decomposed as ρˆtot(t)≈ρˆs(t)⊗ρˆb, where ρˆs(t) is
the reduced density operator of qubit-phonon hybrid system,
and ρˆb = exp(−
∑
u=ph,qu Hˆ
u
b /kBTu)/Z is the equilib-
rium density operator of thermal baths, with kB the Boltz-
mann constant, Tu the temperature of uth thermal bath and
Z = Tr{exp(−∑u=ph,qu Hˆub /kBTu)} the partition func-
tion. In this paper, we set kB = 1 for convenience. Then,
by tracing over the degrees of freedom of thermal baths, the
generalized master equation is obtained at Eq. (A1) in Ap-
pendix.
From the generalized quantum master equation, it is known
that for transient dynamics the populations are generally cou-
pled to the off-diagonal terms [77]. However, after long
time evolution, it is numerically checked in a wide parameter
regime that the off-diagonal terms become negligible. Hence,
the generalized quantum master equation is reduced to the
dressed master equation as
dρˆs(t)
dt
= Lˆ0ρˆs(t) +
∑
{Γ+u (Em
′k′
mk )Lˆ+(|φkm〉〈φk
′
m′ |)ρˆs(t)
+Γ−u (E
m′k′
mk )Lˆ−(|φk
′
m′〉〈φkm|)ρˆs(t)}, (7)
where the dissipators are given by
Lˆ0ρˆs(t) = −i[Hˆs, ρˆs(t)]
−1
2
∑
Γ+u (E
m′k′
mk )(|φk
′
m′〉〈φk
′
m′ |ρˆs + ρˆs|φk
′
m′〉〈φk
′
m′ |)
−1
2
∑
Γ−u (E
m′k′
mk )(|φkm〉〈φkm|ρˆs + ρˆs|φkm〉〈φkm|), (8)
Lˆ+(|φkm〉〈φk
′
m′ |)ρˆs = |φkm〉〈φk
′
m′ |ρˆs(t)|φk
′
m′〉〈φkm|, (9)
Lˆ−(|φkm〉〈φk
′
m′ |)ρˆs = |φk
′
m′〉〈φkm|ρˆs(t)|φkm〉〈φk
′
m′ |. (10)
The nonzero rates assisted by the phth bath are
Γ±ph(φ
k−1
m |φkm) = ±kγph(Em,k−1m,k )nph(±Em,k−1m,k ), (11)
with the energy gap Em,k−1m,k = Em,k − Em,k−1.
Γ+ph(φ
k−1
m |φkm) [Γ−ph(φk−1m |φkm)] describes the phonon exci-
tation(relaxation) process from the coherent phonon state
|φk−1m 〉 (|φkm〉) to |φkm〉 (|φk−1m 〉) by absorbing(releasing) one
boson with the energy Em,k−1m,k from(into) the phth thermal
bath, with the qubits state unchanged. For the qubit-bath inter-
action under rotating-wave approximation, the rates assisted
by the quth bath are given by
Γ±qu,RWT(φ
l
m−1|φkm) = ±θ(Em−1,lm,k )(j+m−1)2D2k,l(
λ
ω0
)
×γqu(Em−1,lm,k )nqu(±Em−1,lm,k ), (12)
where the herald step function is θ(ω≥0) = 1 and
θ(ω<0) = 0, the angular momentum factor is j±m =
4√
j(j + 1)−m(m±1), the coherent phonon state overlap
coefficient is
Dk,l(x) = e
−x2/2
min[k,l]∑
n=0
(−1)n√k!l!xk+l−2n
(k − n)!(l − n)!n! , (13)
and the energy gap is Em−1,lm,k = Em,k − Em−1,l. The
rate Γ+qu,RWT(φ
l
m−1|φkm) [Γ−qu,RWT(φlm−1|φkm)] characterizes
the microscopic transfer process from the coherent phonon
state |φlm−1〉 (|φkm〉) to |φkm〉 (|φlm−1〉) by exchange |l − k|
phonon number and the energy Em−1,lm,k involved with the
quth thermal bath in Fig. 1(a) [Fig. 1(b)], which is simulta-
neously bounded by the unidirectional transition of the qubits
state from |j,m − 1〉 (|j,m〉) to |j,m〉 (|j,m − 1〉). While
for the full qubit-bath interaction both including RWTs and
CRWTs, the transition rate assisted by the quth bath is ex-
pressed as Γ±qu(φ
l
n|φkm) = Γ±qu,RWT(φlm−1|φkm)δn,m−1 +
Γ±qu,CRWT(φ
l
m+1|φkm)δn,m+1, where the rates contributed by
CRWTs are given by
Γ±qu,CRWT(φ
l
m+1|φkm) = ±θ(Em+1,lm,k )(j−m+1)2D2k,l(
λ
ω0
)
×γqu(Em+1,lm,k )nqu(∓Em+1,lm,k ),(14)
with the positive energy gap Em+1,lm,k = Em,k −
Em+1,l. For Γ+qu(φ
l
n|φkm) [Γ−qu(φln|φkm)], it is
found that besides the transfer processes mastered
by Γ+qu,RWT(φ
l
m−1|φkm) [Γ−qu,RWT(φlm−1|φkm)], the
rate also describes the another distinct transition
from the state |φlm+1〉 (|φkm〉) to |φkm〉 (|φlm+1〉) in
Fig. 1(c)[Fig. 1(d)], which is characterized by the rate
component Γ+qu,CRWT(φ
l
m+1|φkm) [Γ−qu,CRWT(φlm+1|φkm)]. It is
noted that this process is accompanied by the angular momen-
tum transition from |j,m+ 1〉 (|j,m〉) to |j,m〉 (|j,m+ 1〉).
This additional transfer processes contributed by CRWTs
will significantly affect the steady state features of the hybrid
quantum system, e.g., nonequilibrium heat transfer and
phonon statistics, even with weak qubit-bath dissipation.
C. Quantum master equation combined with FCS
We focus on the steady state heat transfer, which includes
the steady state current and current fluctuations. We add
the counting parameter to count the energy flow into the
phth thermal bath based on the dressed master equation at
Eq. (7), where the off-diagonal elements become negligible.
Specifically, we first introduce the generalized density opera-
tor ρˆ(t, Qt), where Qt is the transferred energy into the phth
bath during the time interval t. Accordingly, the master equa-
tion can be described as
dρˆs(t, Qt)
dt
= Lˆ0ρˆs(t, Qt)
+
∑
{Γ+u (Em
′k′
mk )Lˆ+(|φkm〉〈φk
′
m′ |)ρˆ+s (t, Qt)
+Γ−u (E
m′k′
mk )Lˆ−(|φk
′
m′〉〈φkm|)ρˆ−s (t, Qt)}.(15)
0.1 1 2
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FIG. 2: (Color online) Steady state heat current out of the
phth thermal bath as a function of the qubit-phonon hybridization
strength under the effects of only RWTs and full qubit-bath interac-
tion(including both RWTs and CRWTs), respectively. The other sys-
tem parameters are given by ε = 1, ω0 = 1, αph = αqu = 0.005,
Tph = 1.5, Tqu = 0.5, and ωc = 10.
with ρˆ±s (t, Qt) = ρˆs(t, Qt∓Em
′k′
mk ). The probability of
counting the energyQt after the time t is given by P (t, Qt) =
Tr{ρˆs(t, Qt)}. Then, we apply a Fourier transformation in
the energy space by including the counting parameter χ via
ρˆs(t, χ) =
∑
Qt
ρˆs(t, Qt)e
iχQt . This leads to the modified
dressed master equation
dρˆs(t, χ)
dt
= Lˆ0ρˆs(t, χ)
+
∑
{Γ+u (Em
′k′
mk )Lˆχ+(|φkm〉〈φk
′
m′ |)ρˆs(t, χ)
+Γ−u (E
m′k′
mk )Lˆχ−(|φk
′
m′〉〈φkm|)ρˆs(t, χ)}. (16)
where Lˆχ+(|φkm〉〈φk
′
m′ |) = e(−iχE
m′k′
mk δu,ph)Lˆ+(|φkm〉〈φk
′
m′ |),
Lˆχp−(|φk
′
m′〉〈φkm|) = e(iχE
m′k′
mk δu,ph)Lˆ−(|φk′m′〉〈φkm|), δu,ph =
1 for u = ph, and δu,ph = 0 for u = qu.p Hence, the steady
state cumulant generating function is obtained as Z(χ) =
limt→∞ 1t ln[Tr{ρˆs(t, χ)}]. Consequently, the nth cumulant
of steady state heat flow is given by
J (n) =
∂nZ(χ)
∂(iχ)n
∣∣∣
χ=0
. (17)
In particular, the steady state heat current is J = ∂Z(χ)∂(iχ)
∣∣∣
χ=0
,
the noise power is J (2) = ∂
2Z(χ)
∂(iχ)2
∣∣∣
χ=0
, and the skewness is
J (3) = ∂
3Z(χ)
∂(iχ)3
∣∣∣
χ=0
.
We plot the heat current at resonance in Fig. 2 as one typi-
cal instance to analyze the effect of the finite qubit number N
on steady state behaviors. It is found that in the small qubit
number limit(e.g., N = 1, 2) the heat current with the full
interaction between the qubits and quth bath is dramatically
enhanced over a wide qubit-phonon coupling regime, com-
pared to the counterpart affected by only RWTs. This demon-
strates the nontrivial contribution from CRWTs. However, as
5RWT
RWT
full
full
(c) (d)
(e) (f)
(b)(a)
RWT
full
FIG. 3: (Color online) (a) and (b) Steady state heat current(−J),
(c) and (d) noise power[J(2)], (e) and (f) skewness[J(3)] by mod-
ulating both the temperature bias ∆T and qubit-phonon hybridiza-
tion strength λ under the effects of RWTs and CRWTs, with Tph =
T0 + ∆T , Tqu = T0 −∆T , and T0 = 1. The other system parame-
ters are given by ε = 1, ω0 = 1, N = 1, αph = αqu = 0.005, and
ωc = 10.
the qubit number becomes large(e.g., N = 8), the currents
from two different types of qubit-bath interactions(i.e., RWTs
and full interaction) become nearly identical, which implies
that RWTs dominate the behavior of heat current. Therefore,
we select N = 1 in the following to manifest the novel role of
CRWTs.
III. QUANTUM HEAT TRANSFER
In this section, we investigate heat current, noise power and
skewness at steady state, which are the representative charac-
teristics of heat current fluctuations. In one previous work,
we mainly investigated the steady state heat current and the
effect of negative differential thermal conductance(NDTC)
with weak qubit-phonon hybridization [62], where the role
of CRWTs was not explicitly explored. Here, we focus on
the comparison of heat current fluctuations owning RWTs
at strong qubit-phonon hybridization with the counterpart in-
cluding both RWTs and CRWTs. This will unravel the novel
contribution of CRWTs to steady state heat transfer.
We first study the steady state heat current out of the phth
thermal bath (−J) in Fig. 3. Under the influence of RWTs,
Fig. 3(a) exhibits a globally optimal peak at finite tempera-
ture bias (i.e., ∆T≈0.5) and strong qubit-phonon hybridiza-
tion strength (i.e., λ≈2). This clearly demonstrates that the ef-
fect of NDTC can also be observed with strong qubit-phonon
hybridization. In sharp contrast, by including both RWTs
and CRWTs we find that the heat current shows monon-
tonic enhancement by increasing the temperature bias in the
strong hybridization regime, shown in Fig. 3(b). Moreover,
we unravel such distinction from the aspect of heat current
fluctuations. Specifically, for the noise power and skewness
with only RWTs in Fig. 3(c) and Fig. 3(e), they are signifi-
cantly suppressed at large temperature bias(e.g., Tph≈2 and
Tqu≈0), Whereas the counterparts show dramatic enhance-
ment by including CRWTs in Fig. 3(d) and Fig. 3(f). Hence,
we conclude that CRWTs nontrivially enhance steady state
heat transfer with strong qubit-phonon hybridization, particu-
larly in large temperature bias regime.
Next, we try to explore the underlying mechanism for the
difference of heat current fluctuations. Under the effect of
only RWTs at large temperature bias limit, the excitation tran-
sition quantified by the rate Γ+qu,RWT(φ
l
− 12
|φk1
2
) naturally van-
ishes, due to nqu(E
− 12 ,l
1
2 ,k
) = 0. Consequently, the relaxation
transition from the coherent phonon state with higher angu-
lar momentum state(| 12 , 12 〉) to the coherent phonon state with
lower counterpart(| 12 ,− 12 〉) dominates the heat exchange pro-
cesses between the dressed qubit and the quth bath, which
is characterized by Γ−qu,RWT(φ
l
− 12
|φk1
2
). This lead to the pop-
ulation depletion of the coherent phonon states associated
with P 1
2 ,k
. And the nonzero steady state populations be-
come P− 12 ,k = e
−kω0/(kBTph)[1 − e−ω0/(kBTph)], which are
fully thermalized by the phth bath. Finally, tphis prevents the
hybrid system from establishing the thermodynamic bias to
drivep steady state heat current and fluctuations, resulting in
the persistent suppression of the current fluctuations.
While for steady state heat transfer including both RWTs
and CRWTs at large temperature bias, though the spin flip-up
transition accompanied by the energy excitation in Fig. 1(a)
driven by the RWTs is suppressed, such spin-flip transition
can be alternatively realized by releasing one boson into the
quth bath under the effect of CRWTs in Fig. 1(d). Hence,
under the cooperative contributions of the quth bath assisted
transfer processes in Fig. 1(b) and Fig. 1(d) and the pro-
cesses accompanied by the phth bath characterized by the
rates Γ±ph(φ
k−1
m |φkm) at Eq. (11), the steady state populations
P 1
2 ,k
can be dramatically excited by increasing the tempera-
ture Tph. Simultaneously, a completely thermodynamic cycle
can be restored. This could explain the enhancement of the
heat current in Fig. 3(b) and current fluctuations in Fig. 3(d)
and Fig. 3(f).
IV. TWO-PHONON STATISTICS
In the quantum theory of optical coherence, the zero-time
delay two-photon correlation function was initially defined by
R. J. Glauber as [78]
g(2)a (0) =
〈aˆ†aˆ†aˆaˆ〉
〈aˆ†aˆ〉2 , (18)
6(a) (b)
(c) (d)
(e) (f)
RWT
RWT
RWT
full
full
full
FIG. 4: (Color online) Representative quantities of phonon statis-
tics at steady state by tuning both the qubit-phonon hybridization
strength λ and temperature bias ∆T , which include only RWTs and
full interactions for weak qubit-bath coupling, respectively. (a) and
(b) show the expectation values of the phonon number 〈Xˆ+Xˆ−〉; (c)
and (d) are the two-phonon correlation terms 〈Xˆ2+Xˆ2−〉; (e) and (f)
are zero-time delay two-phonon correlation functions g(2)(0). The
other system parameters are the same as in Fig. 3.
p where aˆ† (aˆ) creates(annihilates) one photon in the cav-
ity, and 〈Aˆ〉 denotes the expectation value of the operator Aˆ.
g
(2)
a (0) is traditionally applied to study the statistical features
of photons. Specifically, the bunching effect of the photon-
photon correlation with super-Poisson distribution is charac-
terized as g(2)a (0) > 1, whereas g
(2)
a (0) < 1 as the two-photon
statistics becomes antibunching with sub-Poisson distribution.
Moreover, the correlation function g(2)a (0) = 2 for the thermal
state [? ].
However, it was later proposed that such definition of
g
(2)
a (0) may only be properly adopted to study the photon
statistics with weak light-matter hybridization [47–49, 79–
82]. As the light-matter interaction becomes strong, the two-
photon correlation function should be modified in the dressed
picture of the hybrid quantum system [47]
g(2)(0) =
〈Xˆ2+Xˆ2−〉
〈Xˆ+Xˆ−〉2
, (19)
where the transition projector is Xˆ− =
−i∑k>j ∆kjXjk|φj〉〈φk|, Xˆ+ = (Xˆ−)†, the energy
gap is ∆kj = Ek − Ej , the transition coefficient is
Xjk = 〈φj |(aˆ† + aˆ)|φk〉, and |φk〉 the eigenstate of the
hybrid system. Physically, Xˆ− (Xˆ+) describes the relax-
ing(exciting) transfer process from the eigenstate |φk〉 (|φl〉)
to the eigenstate |φl〉 (|φk〉), which is bounded by ∆kj > 0.
For the qubit-phonon hybrid system the transition projector
under the coherent phonon state basis is generally expressed
as
Xˆ− = −iω0
∑
m,k
√
k|φk−1m 〉〈φkm|, (20)
and the definitions of g(2)a (0) and g(2)(0) are different.
However, in the weak qubit-phonon hybridization limit(i.e.,
λ/ω0≈0), the transition operator is simplified to Xˆ− = −iaˆ,
and the one and two phonon correlation terms are specified as
〈Xˆ+Xˆ−〉 = ω20nph(ω0), 〈Xˆ2+Xˆ2−〉 = 2ω40n2ph(ω0), (21)
which leads to the zero-time delay two-phonon correlation
function is obtained as g(2)(0) = 2.
Here, we adopt the definition of the correlation function at
Eq. (19) to investigate the two-phonon statistics at steady state
in Fig. 4. We first study the phonon statistics at thermal equi-
librium(i.e., Tph = Tqu = T0). The populations are given
by Pm,k = e(−Em,k/kBT0)/[
∑
m,k e
(−Em,k/kBT0)] (m =
±1/2; k = 0, 1, 2, ...), which is valid both with and
without CRWTs. Then, the average phonon number is
〈Xˆ+Xˆ−〉 = ω20nph(ω0), two-phonon correlation term is
〈Xˆ2+Xˆ2−〉 = 2ω40n2ph(ω0) and two-phonon correlation func-
tion is g(2)(0) = 2. It should be noted that this result is
analytically obtained for arbitrary qubit-phonon hybridization
strength, which is distinct from the counterpart at Eq. (21) at
weak qubit-phonon hybridization limit. Hence, the CRWTs
show negligible contribution to the phonon statistics at ther-
mal pequilibrium.
Next, we investigate the phonon statistics at the finite ther-
modynamic bias. For the average phonon number with RWTs
in Fig. 4(a), it is generally insensitive to the qubit-phonon hy-
bridization strengthp, and becomes most significant in the bias
limit Tph≈2 and Tqu≈0. The reason is that in the low temper-
ature regime of Tqu, the quth bath main assists the unidirec-
tional transition from | 12 , 12 〉 branch of coherent phonon states
to the | 12 ,− 12 〉 branch of coherent phonon states. The mech-
anism is quite similar for the two-phonon correlation term
〈Xˆ2+Xˆ2−〉, which is exhibited in Fig. 4(c). On the contrary,
for 〈Xˆ+Xˆ−〉 with full qubit-bath interaction, it is interest-
ing to find that by increasing the qubit-phonon hybridization
strength to strong coupling(e.g., λ = 2), the average phonon
number is dramatically suppressed, shown in Fig. 4(b). Com-
pared to the transitions only with RWTs, the full qubit-bath in-
teraction include additional transition channels to significantly
cool down the phonon field, i.e., |φl−1/2〉→|φk1/2〉→|φl
′
−1/2〉
with the energy restriction El−1/2 > E
k
1/2 > E
l′
−1/2 and
phonon excitation number bias (l − l′)≥1. Moreover, the
existence of such collective transition paths greatly decreases
the magnitude of the two-phonon term 〈Xˆ2+Xˆ2−〉 accordingly.
This mainly results in g(2)(0) apparently lower than 2. There-
fore, we conclude that CRWTs generate additional novel en-
7ergy transfer paths to suppress both the average phonon num-
ber and two-phonon correlation function.
V. CONCLUSION
To summarize, we have studied steady state statistics of
the nonequilibrium qubit-phonon hybrid system by applying
quantum master equation under the coherent phonon state ba-
sis. At steady state, the natural vanish of off-diagonal terms of
the reduced hybrid system density matrix simplifies the gen-
eralized master equation to the dressed mater equation. For
steady state heat transfer, we have adopted the full counting
statistics to compare the heat current and current fluctuations
both under the effects of only RWTs and full interaction in-
cluding both RWTs and CRWTs.
We first investigated the heat current at strong qubit-phonon
hybridization. It has been found that the current always shows
the behavior of NDTC under the effect of RWTs. In particular
at the large temperature bias limit, the unidirectional transition
from the coherent phonon states in spin-up branch to the coun-
terparts in spin-down branch prevents the hybrid system from
establishing a thermodynamic cycle, shown in Fig. 1(b). Such
suppression mechanism persists also for current fluctuations,
e.g., noise power and skewness. On the contrary, the heat cur-
rent and current fluctuations contributed by both RWTs and
CRWTs exhibit monotonic increase by increasing the tem-
perature bias. The novel transition controlled by CRWTs in
Fig. 1(d) restores the thermodynamic cycle.
Moreover, we have analyzed the average phonon number
and two-phonon correlation function at strong qubit-phonon
hybridization and finite temperature bias. It has been shown
that under the effect of RWTs the phonon is mainly ther-
mally distributed in the coherent phonon states with spin-
down branch. The average phonon number is approximately
given by 〈Xˆ+Xˆ−〉 = ω20nph(ω0), and two-phonon corre-
lation function is g(2)≈2, which are both nearly insensitive
to the qubit-phonon hybridization strength. While including
CRWTs, we have discovered that the average phonon num-
ber and the two-phonon correlation function are significantly
cooled down in the optimally strong hybridization regime, due
to the collective energy down transition controlled by the pro-
cesses in Fig. ??(b) and Fig. 1(d).
VI. ACKNOWLEDGEMENT
W.C. is supported by the National Natural Science Foun-
dation of China under Grant No. 11704093 and the Opening
Project of Shanghai Key Laboratory of Special Artificial Mi-
crostructure Materials and Technology. W.L.Q. and R.J. ac-
knowledge the support by the National Natural Science Foun-
dation of China (No. 11775159, No. 11935010), the Natural
Science Foundation of Shanghai (No. 18ZR1442800 and No.
18JC1410900).
Appendix A: Generalized quantum master equation
By individually perturbing the phonon-bath and qubit-phonon interactions at Eq. (3) and Eq. (4), we obtain the generalized
master equation under the Born-Markov approximation as
dρˆs(t)
dt
= −i[Hˆs, ρˆs(t)] + 1
2
∑
u=ph,qu;ω′>0
{κ+u (ω′)[Sˆ†uρˆs(t)Sˆu,<(−ω′) +H.c.] + κ−u (ω′)[Sˆuρˆs(t)Sˆ†u,<(−ω′) +H.c.]
−κ+u (ω′)[SˆuSˆ†u,<(−ω′)ρˆs(t) +H.c.]− κ−u (ω′)[Sˆ†uSˆu,<(−ω′)ρˆs(t) +H.c.]} (A1)
where the operators are Sˆph = aˆ, Sˆqu = Sˆ, the components are obtained as Sˆu(−τ) =
∑
ω>0[Sˆu,>(ω)e
−iωτ+Sˆu,<(−ω)eiωτ ]+∑
ω=0 Sˆu,0, and the transition rates between two coherent phonon states are κ
+
u (ω) = γu(ω)nu(ω), κ
−
u (ω) = γu(ω)[1+nu(ω)],
with the Bose-Einstein distribution function nu(ω) = 1/[exp(ω/kBTu)− 1].
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